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M O D E L I N G  T U R B U L E N T  F L O W  A T  

P L A T E  W I T H  S T R O N G  I N J E C T I O N  

A P E R M E A B L E  

A .  A .  N e k r a s o v  UDC 533.6.011 

It is shown that  ava i lab le  exper imenta l  data on the th ickness  of the turbulent -boundary  l aye r  
and the filling of the velocity p rof i l e  under  s t rong injection a r e  sa t i s fac to r i ly  genera l ized  
using the p a r a m e t e r  PwV2w/P0u~. 

The boundary l a y e r  at  a p e r m e a b l e  su r face  has been  invest igated in a l a rge  number  of works  but as  yet  
no sa t i s f ac to ry  ans wer s  have been g iven to a s e r i e s  of impor tan t  quest ions a r i s ing  f rom the study of suchf lows .  
In pa r t i cu l a r ,  t he r e  is no a g r e e m e n t  as to the exis tence and f o r m  of a un iversa l  p a r a m e t e r  determining the 
b o u n d a r y - l a y e r  th ickness  at  a p e r m e a b l e  p la te  under  s t rong injection.  

Strong inject ion is taken to be such that  the veloci ty  p rof i l e  degenera tes  to a s t ra igh t  line and the concen-  
t r a t ion  of injected m a t e r i a l  at  the p e r m e a b l e  wall  approaches  100%. 

Most r e s e a r c h e r s  be l ieve  that  the th ickness  of the turbulent -boundary  l aye r  a t  a p e r m e a b l e  pla te  is 
Uniquely de te rmined  by the p a r a m e t e r  (PwVw/P0u0) "Re ~ r e g a r d l e s s  of the s t rength of injection. This view 
is based  on exper imenta l  resu l t s  obtained with in termixing gas flows e i ther  of the s a m e  densi ty  or  e l se  of only 
slightly different  dens i t i es  [1-5]. 

Boundary l a y e r s  with in termixing gas  flows of significantly different  densi t ies  w e r e  f i r s t  sys temat i ca l ly  
invest igated in [2, 3]. It was argued that the genera l ly  used injection p a r a m e t e r  should be modified by the in t ro -  
duction of a f ac to r  with a va r iab le  index so as  to take into account  the density rat io .  However ,  only resu l t s  ob- 
rained fo r  the t h e r m a l  s ta te  of a p e r m e a b l e  p la te  we re  genera l ized  using this p a r a m e t e r .  

Sys temat ic  data we re  given in [6] on the thickness  of the turbulent  boundary l a y e r  a t  a p e r m e a b l e  plate  
when the in termixing flows a r e  of significantly different  densi t ies .  It was es tabl ished that  the bounda ry - l aye r  
th ickness  and the fil l ing of the veloci ty prof i le  depend on the p a r a m e t e r  (PwVw/P0u0) (Pw/P0) k" Re~ where  k = 

- 0.25* 0.05 fo r  1 -< Pw/Po -< 3 and k = - 0.5 ~~ fo r  0.07 -< Pw/Po <- 1, r e g a r d l e s s  of the inj ect ion s t rength.  It was 
shown that  the s ame  p a r a m e t e r  a lso  de t e rmines  the separa t ion  of the boundary l aye r  f r o m  the wall .  

In [7, 8], an i n t e r f e r o m e t e r  was used to de te rmine  the conditions for  the sepa ra t ion  of the turbulent -  
boundary l a y e r  at a porous  pla te  with the injection of heterogeneous  gas .  As a r e su l t  i t  was poss ib le  to con-  
f i r m  that  the sepa ra t ion  p a r a m e t e r  (PwVw/P0u0). Re 0.2 depends s t rongly on the density ra t io  of the in termixing 
flows. 

Thus it has been  shown that under  s t rong injection the p a r a m e t e r  (PwVw/p 0u0). Re ~ does not uniquely d e t e r -  
mine  the flow in a turbulent -boundary  l a y e r  a t  a p e r m e a b l e  plate .  Note, however,  that empi r i ca l  p a r a m e t e r s  
with a va r i ab le  index in the f ac to r  (pw/P0) k, such as  a r e  introduced in [3, 6], do not have a c l e a r  physica l  m e a n -  
ing, s ince they der ive  nei ther  f r o m  bounda ry - l aye r  theory nor  f r o m  je t  theory .  There fo re ,  nei ther  of them can 
be regarded  as a genera l  p a r a m e t e r .  
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Cons ide r  the hypothet ical  flow fo rming  f r o m  the mixing of gas  flows issuing f r o m  two p e r m e a b l e  p la tes  
inclined a t  an  angle  of ~/2 to one another  and having a common  point.  

The  impor tan t  f ea tu re  of this flow is the p r e s e n c e  of a mixing zone, which occupies an angle much s m a l l e r  
than ~/2 .  

Depending on the p a r a m e t e r s  of the in termixing flows this region m a y  occupy any posi t ion within the 
region under  cons idera t ion .  

By analogy with the p ropaga t ion  of a t r a n s v e r s e  je t  in a c a r r i e r  flow, a s s u m e  that, in the region where  
2 2 the walls  have no effect,  the pos i t ion  of the mixing zone is de te rmined  by the p a r a m e t e r  PwVw/PoUo . 

Hence it is evident that  at points of sepa ra t ion  of the boundary l aye r  f r o m  the wall,  where  the effect  of 
the  wall  vanishes ,  the pos i t ion  of the mixing zone will again  be  de te rmined  by this  p a r a m e t e r  and will not a lso  
depend on the densi ty  rat io,  in view of the s y m m e t r y  of the p rob l em with r e spec t  to each of the p la tes .  

It has been  shown exper imenta l ly  [8] that this p a r a m e t e r  a l so  de t e rmines  the sepa ra t ion  of the boundary 
l a y e r  f r o m  the wall .  

I t  was  shown in [6] that  for  l a rge  subcr i t i ca l  injection the shape p a r a m e t e r  and the separa t ion  p a r a m e t e r  
a r e  of the s a m e  fo rm.  Evidently, t he r e  is a region c lose  to c r i t i ca l  injection where  the posit ion of the mix ing-  
zone boundary is de te rmined  by the veloci ty  ra t io  and does  not depend on Re. 

In the absence  of Re f r o m  the de termining  p a r a m e t e r  [8], it may  be a s sumed  that the f o r m  of the flow at  
this level  of inject ion is de te rmined  main ly  by fo rces  due to the p r e s s u r e s  of the in termixing flows, despi te  
the inc rease  (noted in [8]) in f r i c t ion  in the mixing zone as inject ion i n c r e a s e s .  

On the bas i s  of the fundamental  p r inc ip le  of s imi l a r i ty  theory,  an a t t empt  will now be made  to der ive  a 
p a r a m e t e r  de termining the b o u n d a r y - l a y e r  th ickness  at  a p e r m e a b l e  pla te  under  s t rong inject ion and to ob- 
ta in  an approx imate  e s t ima te  of th i s  th ickness .  A s s u m e  that the f r ic t ional  fo rces  under  s t rong injection may  
be neglected; i .e. ,  the flow is mainly  de te rmined  by fo rces  due to the p r e s s u r e .  

The resul tant  fo rce  act ing on an a r b i t r a r y  e l emen ta ry  volume of liquid within the boundary l aye r  m a y  be 
reso lved  into two components  F x =P (Du/Dt) and Fy =P (Dv/Dt). Since the flow is mainly de te rmined  by forces  
due to the p r e s s u r e ,  the s imi l a r i t y  condition for  s t rong inject ion is evidently s imply  the equality Fx /Fy  =const .  
For  the ca se  of s teady flow 

(U Ou +v Ott'] and Fy~p(U-~x -bY Ov'~. 
F~=O \ Ox OU ) _ OU / 

It is  of in te res t  to e s t ima te  the o r d e r  of magni tude of these  components .  

As shown in [9], the r ight -hand s ides  of these  expres s ions  cons i s t  of t e r m s  of the s a m e  order ,  i .e, ,  
u (~u//)x) ",v (Su/Sy) and u (~v/Sx) ~ v (~v/ay). It was  conf i rmed  exper imenta l ly  in [4] that  this r e su l t  applies  
to a boundary l a y e r  with injection.  The re fo re ,  the o rde r  of magnitude of F x and F v m a y  be es t imated  f r o m  
one of the t e r m s ,  i .e. ,  F x ~pu(0u/Sx) and Fy ~ p v  (~v/Sy). For  a plate  of length x, ~Pu/0x is propor t iona l  to 

UdX~ 
Taking the c a r r i e r - g a s  flow veloci ty u 0 as  the horizontal  component  of the cha rac t e r i s t i c  velocity,  and 

the density of this flow Po as  the c h a r a c t e r i s t i c  density,  it is found that  the horizontal  component  of the r e s u l -  
tant  force  act ing on an  e l emen ta ry  volume of liquid is PoU~/X [9]. 

Now cons ide r  the ver t ica l  component  Fy~ 

The ver t i ca l  component  of the c h a r a c t e r i s t i c  velocity is taken to be  the in jec ted-gas  velocity v w. 

The in jec ted-gas  density Pw is taken as the c h a r a c t e r i s t i c  densi ty .  The cha rac t e r i s t i c  l inea r  dimension 
may  evidently be taken to be 6 - 60, where  60 is the b o u n d a r y - l a y e r  th ickness  in the absence  of injection. 

Thus,  the ve r t i ca l  component  of the fo rce  acting on an e l emen ta ry  volume of liquid is of the o rde r  of 
PwV2/( 6 - 60). Then the s imi l a r i t y  condition for  the flow at  a p e r m e a b l e  pla te  may be wr i t ten  as follows: 

k or  5 - 50 =kx(owVw/P0U0). In this re la t ion there  r emains  the indeterminate  fac tor  ( p 0 u 0 Z / p w V ~ )  �9 ( ~ - ~ o ) / x  = 2 2 

k on the r ight-hand side.  

By analogy with the resu l t s  for  the b o u n d a r y - l a y e r  th ickness  at  an impermeab le  plate  [9], it may be a s -  
sumed  that  for  turbulent  flow only the s t ruc tu re  of the formula  obtained is co r r ec t ,  since the p a r a m e t e r  in- 
cluded in the fo rmula  m u s t  be  ra i sed  to some  power  m.  The  value of m may  evidently be de termined f rom 
any o ther  cons idera t ions  o r  f r o m  exper iment .  
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T A B L E  I. E x p e r i m e n t a l  Condi t ions  fo r  L i t e r a t u r e  D a t a  
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Fig .  1. Dependence  of r e l a t i v e  b o u n d a r y - l a y e r  t h i c k n e s s  

(a) and shape  of ve loc i t y  p r o f i l e  (b) on i n j e c t i o n  p a r a m e t e r .  
The  no ta t ion  is g i v e n  in Tab l e  1. 

A n a l y s i s  of  the data  of [1, 4, 6] shows that  f o r  f ixed p0u] the  m e a s u r e d  va lues  of the  b o u n d a r y - l a y e r t h i c k -  
n e s s  m a y  be g e n e r a l i z e d  with  good a c c u r a c y  in the c o o r d i n a t e s  6 - 60, (PwV2w) ~ Hence  i t  fo l lows that  the ap -  
p r o p r i a t e  va lue  of m is 0.5. 

T h e  f o r m u l a  f o r  the c a l c u l a t i o n  of the  b o u n d a r y - l a y e r  t h i c k n e s s  a t  a p e r m e a b l e  p l a t e  then  t akes  the f o r m  
- 6o=kX(OwV2w/PoUo2)O.5 ~ 

The next step is to attempt a generalization of the available literature data on the boundary-layer thick- 
ness and the filling of the velocity profile using the parameter PwVZw/Pov~. 

Note that, despite the large number of investigations of the boundary layer at permeable plates, the num- 
ber containing reliable experimental data remains extremely small. Most of the results are of limited sig- 
nificance, because of the previous history of the gas flow arriving at the plate and the presence ofalargepres- 
sure gradient along the plate. 

The results of classical experiments [1, 4] on intermixing flows of the same density, which are known 
to be free of these limitations, and the results of the unique experiments of [6] on intermixing flows of sig- 
nificantly different densities are eonsidered below; the corresponding experimental conditions are given in Table i. 
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These  resu l t s  were  obtained by approximating the exper imental  velocity prof i le  by a power law of the 
fo rm u/u0= (y/(~)t/n. In Fig. 1, dependences of (5 - 50)/x (a) and 1/n (b) on the p a r a m e t e r  (PwV2w/P0v~) ~ ob- 
tained in [1, 4, 6], a r e  shown. 

It is evident f rom Fig. 1 that the exper imental  data fo r  strong injection may be general ized,  with sa t i s -  
fac tory  accuracy ,  using the p a r a m e t e r  PwV2/P0v~. As is evident, the approximating straight  line may be sa t i s -  
factor i ly  extrapolated to the weak-inject ion region(dashed lines).  

In [2, 5-8], it was established that s t rong injection begins when the injection p a r a m e t e r  is c lose to the 
value 2 2 0 5 2 2 0.~ (PwVw/P0u0) �9 = 0.02. The fact that in the region 0.01 < (PwV~/P0u0) < 0.02 close to the beginning of strong 
inject ion the exper imenta l  data may be general ized using a p a r a m e t e r  obtained in a considera t ion of the jet  
p roblem conf i rms the assumption that viscous forces  have no significant effect on the form of the flow in such 
boundary l aye r s .  

The sca t t e r  of the exper imental  data in the weak-inject ion region 0.001 < (PwV~c/p0u~)~ < 0.01 prevents  
any definite conclusion as to the fo rm of the flow. It is only possible to note that on the basts of these data 
t he re  is no reason  to expect  a dominant effect  of viscous forces  in this region. 

N O T A T I O N  

x, y,  longitudinal and t r a n s v e r s e  coordinates ;  u, v, longitudinal and t r an sv e r se  velocity components;  p, 
density; 6, boundary - l aye r  thickness;  50, boundary- layer  thickness in the absence of injection; Re, Reynolds 
number  based on plate length and p a r a m e t e r s  at boundary- laye r  edge. Indices: 0, external  edge of boundary 
layer ;  w, wall. 
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